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A Finite Element Formulation of 
a Flexible Slider Crank 
Mechanism Using 
Local Coordinates 
The need for higher manufacturing throughput has lead to the design of machines 
operating at higher speeds. At higher speeds, the rigid body assumption is no longer 
valid and the links should be considered flexible. In this work, a method based on 
the Modified Lagrange Equation for modeling a flexible slider-crank mechanism is 
presented. This method possesses the characteristic of not requiring the transforma-
tion from the local coordinate system to the global coordinate system. An approach 
using the homogeneous coordinate for element matrices generation is also presented. 
This approach leads to a formalism in which the displacement vector is expressed 
as a product of two matrices and a vector. The first matrix is a function of rigid body 
motion. The second matrix is a function of rigid body configuration. The vector is a 
function of the elastic displacement. This formal separation helps to facilitate the 
generation of element matrices using symbolic manipulators. 
Introduction 
Past works could be classified into the development of a 
mathematical model, modal analysis, and analysis of flexible 
mechanisms using advanced materials such as composites and 
smart materials. For a more complete literature survey in this 
area, the interested reader is referred to Gaultier and Cleghom 
(1989). 
Representatives of mathematical modeling are the works by 
Gandhi and Thompson (1980), Nagarajan and Turcic (1990), 
Sunada and Dubowsky (1980), and Liou and Erdman (1989). 
These works belong to the class of floating link approach where 
the displacement field is described in the local coordinate and 
then the rigid body motion is superimposed on it. An alternative 
to this approach is to describe the displacement in an absolute 
coordinate system. This leads to a simpler inertia matrix at the 
expense of having a highly nonlinear stiffness matrix. Examples 
of this class are the pioneering work by Simo and Vu-Quoc 
(1986) and Yang and Sadler (1990). 
Sung and Thompson (1987) extended their technique to in-
clude both mechanical and hygrothermal loading on the re-
sponse of the flexible mechanisms. Dado and Soni (1987) stud-
ied the forward and inverse dynamic analysis of elastic linkages. 
Nonlinear coupling effects between gross motion and deforma-
tion of Unks for spatial manipulators have been studied by Naga-
nathan and Soni (1989). Kakatsios and Tricamo (1987) have 
described an integrated approach for designing high speed 
mechanisms. Selected mode shapes are used by Wu et al. 
(1989) to estimate the error involved in the modeling of flexible 
bodies. Cromin and Liu (1989) analyze the steady state motion 
of general flexible mechanisms. Pan et al. (1990) present a 
dynamic model verified experimentally for flexible manipula-
tors with prismatic joints. Farhang and Midha (1989) have 
investigated the parametric stability of a planar slider crank 
mechanism with a flexible coupler link. 
In the above-mentioned works, the nodal variables are trans-
formed from the local coordinate system to the global coordinate 
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system in the finite element formulation. In this work, a method-
ology based on the Modified Lagrange Equation, Fallahi 
(1982), which avoids the transformation from the local coordi-
nate system to the global coordinate system is presented. 
Generation of Element Matrices 
In this study, the links are modeled as a Euler Beam, that is, 
a cross section which is perpendicular to the neutral axis of the 
beam remains perpendicular to it after deformation, see Figure 
1. In this figure, the xy - and X F-coordinate systems are the local 
(fixed to the rigid body configuration) and global coordinate 
systems, respectively. Using the Euler Beam assumption, the 
elastic displacement of an arbitrary point P in the local coordi-
nate system is: 
W = w 
U = u - yw' (1) 
where {x, y), (W, U), and («, w) are the coordinates of point 
P (rigid body position), elastic displacement of point P, and 
elastic displacement of the point on the neutral axis in the local 
coordinate system, respectively. The coordinates of the point 
Frf, the deformed position of point P, are: 
Xpj = x + u — yw' (2) 
Expressing Eq. (2) in matrix form using homogenous coordi-
nates results in: 
Vy, p,i ^Pd l ] ' = Bg 










and = [w w' 
(3) 
W (4) 
Following the standard finite element procedure, the beam is 
discretized into n elements. Then for each element, vector g 
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Fig. 1 Schematic of a deflected beam element in local and global coor-
dinate axes 
becomes g = Np, where N is the shape function matrix (see 
Appendix 1). Then Eq. (3), (10) takes the form of: 
, l ] ' = B N p \.yp, (5) 
Vectors q and p are [w, wl Ui Wj wj M;]'^ and [q^, 1]^, respec-
tively. The absolute coordinate of the point P^ is: 
[X,„ y,,, l ] ' "=RBNp (6) 
where R is the transformation matrix between the local and 
absolute coordinate systems (see Appendix 1). The kinetic en-
ergy of a beam element, Ti, can be expressed as: 
T, = kph\ V'dxdy (7) 
J-lb/2 Jo 
where p, /, b, t are the density, length, width and thickness of 
a beam element, respectively. Differentiate equation (6) and 
substitute it into equation (7) to get: 
(8) 
where 
T, = i /9i(p^X,p + p^X^p + p^XaP) 
X, = r { W P " B'̂ 'R^^RB ŷJA Î̂ ic 
X , = r W P " B^RTRBrfy JA^jatc 
X3 = 2 J ( W P B T R T R B J J I A ? dx (9) 
crank 
/ / / / / / / 7 
Fig. 2 Schematic of a slider-crank mechanism 
d_ 
dt dq dq 
M2i,q + Mi^q + Moi,q - Qb (10) 
Equation (10) gives the contribution of kinetic energy of the 
beam to the differential equation of motion. The matrices Mj,,, 
Mib, and Mob are the mass matrices. The first term represents 
the effect of the nodal acceleration in the local coordinate sys-
tem, the second and third terms represent the cross coupling 
between elastic and rigid body motion, and the fourth term is 
the nodal forces due to rigid body motion. Equations (3) 
through (10) are the basis for a symbolic manipulator program 
using MACSYMA for the generation of the inertia matrices. 
The Mb-matrices and the Qb vector for the euler beam are 
reported in Appendix 2. 
Contribution of ttie Slider Blocli to the Differential 
Equation of Motion 
The schematic of a slider-crank mechanism is shown in 
Fig. 2. 
To formulate the contribution of the block, note that the 
displacement of the node on the pin on the slider block is: 
X, = ri cos di + rj cos 62 + «,, cos 62 — w, sin 62 
7, = ri sin di + rj sin 62 + «, sin 62 + w^ cos 62 (11) 
where «, and w, are the axial and transverse elastic displace-
ments of the node at the pin, respectively. X, and Y^. are the 
coordinates of the pin on the block in the absolute coordinate 
system. Take the time derivative of Eq. (11) to form the veloc-
ity, and then use it to form the kinetic energy. Substitute the 
resulting expression into the Lagrange equation to get: 
dt \ dus / du, 
3iWs + Us ' 2 M 1 
Substituting Eq. (8) into the Lagrange Equation results in: + nS, sin (6*2 - 0i) - n(9? cos {62 - 6»i) - r2BW 
N o m e n c l a t u r e 
Mjb, M, | 
A = cross-sectional area 
h = width of the beam 
E = Young modulus 
" " ' = derivative with respect 
to X 
I = area moment of inertia 
K = stiffness matrix for the 
beam element 
L = length of a beam ele-
ment 
Mob = inertia matrices for the 
beam element 
A' = shape function matrix 
PE = potential energy 
q = generalized coordinate 
Qi, = nodal force for the beam el-
ement 
R = transformation matrix be-
tween the local coordinate 
system and the global coor-
dinate system 
4 = thickness of the beam 
Tb = kinetic energy of the beam 
M, w = transverse and axial dis-
placement of a point on the 
neutral axis in the local co-
ordinate system 
Wi, w'i ,Ui = transverse deflection, rota-
tion, axial extension at the 
node i 
W, U — transverse and axial elastic dis-
placements of point P in the lo-
cal coordinate system 
X, y = X- and >;-coordinate in the local 
coordinate system 
X, F = X- and y-coordinates in the 
global coordinate system 
$ = vector of independent general-
ized coordinates 
* = vector of dependent generalized 
coordinates 
9 = angle of A:-axis of the local coor-
dinate system attached to link i 
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Fig. 3 Nomenclature for displacements of nodes at a pin joint 
dt \dws 
57; 
= M j [ w , — 6\Ws + 2^2Ms + ^2«s 
+ r.bl sin (6*2 - 6*1) + n^i cos (6I2 - ^l,) + ^282] (12) 
Equation (12) is used to incorporate the effect of the block on 
the differential equations of motion. 
Potential Energy and Element Stiffness Matrix 
The potential energy of a beam element, PE, is given as: 
PE f EA{u')''dx + 5 f El(w"Ydx (13) 
Jo "O 
where E, I, A, and / are the elastic modulus, length, cross-
sectional area, and moment of inertia of the beam element, 
respectively. Discretizing the elastic displacement using the 
shape function N will lead to: 
PE = 5 [w; > w,', Ui, Wj, w'j, Uj] 
Jo 
Nt>N[Wi, w'i, M,, Wj, w;, Uj]''dx (14) 
where matrix D is: 
D = 
EI EI 0 EI EI 0 
EI EI 0 EI EI Q 
0 0 EA 0 0 EA 
EI EI 0 EI EI Q 
EI EI 0 EI EI 0 
L 0 0 EA 0 0 EA 
(15) 
Taking the derivative of Eq. (14) with respect to nodal coordi-
nates lead to the following stiffness matrix: 
K = J NT)NrfA: 
The stiffness matrix K is reported in Appendix 2. 
Modified Lagrange Equation 




= Q,, for (• = 1, 2, . . . , « (17) 
where L is the Lagrangian and q and Q are the generalized 
Slider block 
Line of Slip 
Fig. 5 Numbering sclieme for nodes in a slider-cranl( mechanism 
coordinate and force, respectively. For a constrained dynamical 
system, not all the generalized coordinates are independent and 
the Lagrange Equation as such is not applicable. However, the 
set of generalized coordinates can be grouped into an indepen-
dent set $ and a dependent set ^, that is: 
where 
q = [*, ^V 
* = [lA,,</'2, ••.,^mV 
(18) 
(19) 
The interdependency of the generalized coordinates is expressed 
as: 
H ( * , * ) = 0 (20) 
Fallahi (1982) has shown that equation (20) can be used for 
implicit elimination of the dependent generalized coordinates 
^ in the Lagrange equation. Upon such an elimination, the 
following form of the Lagrange Equation, herein called the 
Modified Lagrange Equation, is obtained. 
D^.iL) + 1 D*.(L) —f = Ĝ ,, + I e*. —i (21) 





Equation (21) is the basis for the assembly procedure of the 
finite element analysis of the slider-crank mechanism. 
Constraint Equations 
The constraint equations are the mathematical equations de-
scribing the effect of the joints in a mechanism. For the slider-
crank mechanism, there exist pin joints and slider joints. In the 
following, the treatment of these joints is presented. 
Ground Pin Joint. It is assumed that the crank is welded 
to the motor shaft. This implies no displacement and no cross-
sectional rotation for the node at the ground pin joint. This is 
r W W u w v V u w W a w v / u w y / u w w* u 
S 
Fig. 4 Schematic diagram for a pin on a slider joint 




r - - T \ 
I I I 
I I 
Fig. 6 Schematic for construction of a global link matrix 
SEPTEMBER 1995, Vol. 1 1 7 / 3 3 1 
Downloaded From: https://dynamicsystems.asmedigitalcollection.asme.org on 06/28/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use
1.00 1.25 
(a) Crank speed of 750 rpm 
Tlmfl (flao) 
Time (sec) 
(b) Crank speed of 1000 rpm 
(c) Crank speed 1250 rpm 
Fig. 7 Transient transverse defiection of cranl< tip 
Time (aeo) 
used as the boundary condition in solving the finite element 
equations. 
Moving Pin Joint. In order to describe the constraint for 
a moving pin joint, a coordinate system is attached to each link 
connected by that pin joint, see Fig. 3. 
Then the displacement of the nodes at the pin joint described 
in the " f coordinate system and the " 7 " coordinate system 
is related through: 
Uj = Wi sin (aji) + «, cos (o/,) 
Wj = Wi cos (aji) — Ui sin (aji) (24) 
The partial derivatives of Uj and Wj with respect to u, and w, 
are: 
duj 




= - s i n (aji); 
— ^ = sin {aji) 
aWi 
dwj 
—^ = cos (aji) 
OWi 
(25) 
The displacement in the "j" coordinate system is treated as a 
dependent generalized coordinate while the displacement in the 
" i " coordinate system is treated as the independent generalized 
coordinate. 
Constraint for tlie Slider Joint. To develop the mathemat-
ical equation for the slider joint, a coordinate system is attached 
to the link pinned to the block, see Fig. 4. It is assumed that 
the line of slip is horizontal. Hence: 
w, = -Us tan (9) (26) 
where $ is the angle of the .ic-axis with respect to the line of 
slip. The partial derivative of w, with respect to u^ is: 
dus 
= - t a n I (27) 
The transverse displacement w,, is treated as a dependent gener-
alized coordinate while the axial extension MJ is treated as an 
independent generalized coordinate. Equations (25) and (27) 
are used to generate the term d'^ld^ in the Modified Lagrange 
Equation, see page 332. 
An Assembly Procedure Based on Modified Lagrange 
Equation 
In order to set up the assembly procedure, each link is discret-
ized into a number of elements and then the nodes are numbered 
(see Fig. 5). Note that two nodes, one on each Unk, are selected 
at the moving pin joint. Then the element matrices of the ele-
ments of each link are generated and assembled using the stan-
dard finite element assembly procedure. The results are sche-
matically shown in Fig. 6. In this figure, the boxes represent an 
element matrix; overlapping boxes means that the associate 
elements belong to the same link. Touching boxes means the 
associated elements belong to two different links connected by 
a pin joint. Having accomplished this phase impUes that the 
term D<,(L) is generated for the set up of the Modified Lagrange 
Equation, see p. 332. 
In order to set up the system differential equation, those 
rows of assembled matrices that are associated to a dependent 
variable is multiplied by the appropriate partial derivative given 
by equations (25) and (27) and then the result is added to the 
row associated with the independent variables as required by 
the Modified Lagrange Equation. This completes the set up of 
a system differential equation which results in the form given 
by: 
Ma* + Ml* + (K + Mo)* = Q (30) 
Equation (30) can be integrated using any standard differential 
solver such as the Newmark Method. 
Numerical Simulation 
Several numerical simulations are presented to illustrate the 
applicability of the approach presented in this study. It is as-
sumed that the slider-crank mechanism is made of aluminum 
links with rectangular cross section. The dimensions and physi-
cal properties of the links are: 
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Crank Length = 5 in., 
Coupler Length = 25 in., 
density = 2.45 X 10"" Ib-sVin" 
Crank Width = 1 in. 
Coupler Width = 1 in. 
Crank Thickness = 0.25 in. 
Coupler Thickness = 0.25 in. 
Young Modulus = 1 X 10^ psi 
The crank is subjected to a spin-up maneuver (Kane et al., 





TY( 2-Kt , 
— cos 1 
2ir \ T 
t > T 
where ô is the steady-state angular velocity. The responses of 
the system is reported for steady state speeds of 750, 1000, and 
1250 rpm. The transient time period, T, is set to 2.5 seconds 
and the simulation is carried out for 3 seconds. The mass of 
the slider block is one pound. 
The transverse deflections, w, at the crank tip and the coupler 
midpoint for steady state crank speed of 750, 1000, and 1250 
rpm are plotted in Figure 7 through Figure 10. The simulation 
for the first 0.75 seconds in not reported because of their negligi-
ble magnitude. For each run, the simulations are broken and 
reported in two time intervals of (0.75, 1.5) and (1.5, 3.0) 
seconds for better visual clarity. The general trend observed was 
that both the magnitudes and the frequencies of the responses 
increase with the increase of the crank speed. The peak magni-
tude for crank tip transverse displacement were .0025, .004, 
and .006 in. for steady-state crank speed of 750, 1000, and 
1250 rpm, respectively. The peak magnitude of the transverse 
deflection for the coupler midpoint were .02, .04, and .055 in. 
for the same set of steady state crank velocity. Larger coupler 
midpoint transverse deflection is due to its longer length which 
implies more flexibility. 
Conclusion 
A finite element analysis of a slider-crank mechanism 
where all the links are assumed to be flexible is presented. 
(a) Crank speed of 750 rpm 
Tlma ( H O ) 
(b) Crank speed of 1000 rpm 
Time (sac) 
Tima (saaa) 
(c) Crank speed 1250 rpmi 
Fig. 9 Transient transverse deflection of coupler midpoint 
In this analysis, the effect of coriolis, tangential and normal 
accelerations are considered. The Modified Lagrange Equa-
tion and the dependent and independent generalized coordi-
nates dichotomy are used to generate the system equation. 
The approach has the characteristics of eliminating the need 
of transforming the variables from the local coordinate sys-
tem to the global coordinate system. 
(a) Crank speed of 750 rpm 
1.79 2.00 2.29 2.S0 
(a) Crank speed of 750 rpm 
2fla.("») '•'' 
(b) Crank speed of 1000 rpm (b) Crank speed of 1000 rpm 
2.75.. , , 3.00 Tbn* (a«o) 
(c) Crank speed 1250 r p m 
Fig. 8 Steady state deflection of tlie cranit tip 
2.75 3.00 
Tim* (•••o) 
(c) Crank speed 1250 r p m 
Fig. 10 Steady-state transverse deflection of couple midpoint 
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A P P E N D I X 1 
The shape function matrix N is: 
N = 
0 0 Ns 0 0 Nf, 0 
0 0 0 0 0 0 1 
(1-1) 
where 
M = 1 + 2 N2 = x{-- I 
N, = 
M = ^ f i - 1 
/ \l 
Transformation matrix, R: 
R 
* = ̂ , * = f 










where (xo, yo) are the coordinates of the origin of the local 
coordinate system is and 0 is the angle between the local and 
global coordinate systems. 
A P P E N D I X 2 
The Mib matrix is: 
M2b = P 
13 , , 6/ 11 , , , / „ 9 , , 6/ 
— AI + — Al^ + — 0 —Al 
35 5 / 210 10 70 5/ 
^ , l n 0 ^Ai^--L 
• 105 15 420 10 
A/ 
3 
symmetnc — Al + — 
35 5/ 
13 .,2 ! 
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The Mib matrix is: 







































l l A / ' J_ 
210 10 
AP 2 / 
105 15 













































A/' 2 / / \ . 
+ — ( 














The Qb vector is: 
pAl 
[yo cos {9} - Xo sin (61)] - p 
20 
^ [yb cos (&) - io sin (0)] + ^ 9 
pAl 
2 
[/o sin {9) + io cos (6»)] - ^ ^ ' 
pA/ 
[>'b cos (6>) - xb sin {9)] + p I + 
lAf 
20 
^ [->>•„ cos (d) + io sin (e)] - ^ S 
^ [j-o sin {&) + io cos (e)] -P^9' 
(2-4) 
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